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We present the current status of the coherent exclusive (CEEX) realization of the YFS theory for the processes in
e+e− → 2f via the KKMC. We give a brief summary of the CEEX theory in comparison to the older (EEX) exclu-
sive exponentiation theory and illustrate recent theoretical results relevant to the LEP2 and LC physics programs.
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1. Introduction
Our aims in this discussion are to summarize
briefly on the main features of YFS/CEEX ex-
ponentiation [1] in QED and to present examples
of recent theoretical results [2,3] relevant for the
LEP/LC physics programs.
In the next section, we review the older EEX
exclusive realization and summarize the new
CEEX exclusive realization of the YFS [4] theory
in QED. In this way we illustrate the latter’s ad-
vantages over the former, which is also very suc-
cessful. We also stress the key common aspects of
our MC implementations of the two approaches
to exponentiation, such as the exact treatment of
phase space in both cases, the strict realization
of the factorization theorem, etc. In Sect. 3, we
illustrate recent improvements in the KK MC re-
alization of CEEX for the νν¯ channel. In Sect.
4 we illustrate recent exact results on the single
hard bremsstrahlung in 2f processes which quan-
tify the size of the missing sub-leading O(α2)L
terms in the KK MC. Sect. 5 contains our sum-
mary.
∗Work partly supported by EU contract HPRN-CT-
2000-00149, by NATO Grant PST.CLG.977751, and by
Polish Government grants 5P03B09320 and 2P03B00122
and by US Department of Energy Contract DE-FG05-
91ER40627.
2. Standard Model calculations for LEP
with YFS exponentiation
There are currently many successful applica-
tions [5] of the YFS theory of exponentiation for
LEP and LC physics: (1), for e+e− → f f¯ + nγ,
f = τ, µ, d, u, s, c there are YFS1 (1987-1989)
O(α1)exp ISR, YFS2∈KORALZ (1989-1990),
O(α1 + h.o.LL)exp ISR, YFS3∈KORALZ (1990-
1998), O(α1 + h.o.LL)exp ISR+FSR, and KK
MC (98-02) O(α2 + h.o.LL)exp ISR+FSR+IFI
with dσ/σ = 0.2%; (2), for e+e− → e+e− +
nγ for θ < 6◦ there are BHLUMI 1.x, (1987-
1990), O(α1)exp and BHLUMI 2.x,4.x, (1990-
1996), O(α1 + h.o.LL)exp with dσ/σ = 0.07%;
(3), for e+e− → e+e− + nγ for θ > 6◦ there is
BHWIDE (1994-1998), O(α1 + h.o.LL)exp with
dσ/σ = 0.2(0.5)% at the Z peak ( just off the Z
peak ); (4), for e+e− →W+W−+nγ, W± → f f¯
there is KORALW (1994-2001); and, (5), for
e+e− → W+W− + nγ, W± → f f¯ there is YF-
SWW3 (1995-2001), YFS exponentiation + Lead-
ing Pole Approximation with dσ/σ = 0.4% at
LEP2 energies above the WW threshold. The
typical MC realization we effect is in the form of
“matrix element × exact phase space” principle,
as we illustrate in the following diagram:
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In practice it means:
• The universal exact Phase-
space MC simulator is a sep-
arate module producing “raw
events” (with importance sam-
pling).
• The library of several types
of SM/QED matrix elements
which provides the “model
weight” is another indepen-
dent module ( the KKMC ex-
ample is shown ).
• Tau decays and hadronization
come afterwards of course.
The main steps in YFS exponentiation are
the reorganization of the perturbative complete
O(α∞) series such that IR-finite β¯ components
are isolated (factorization theorem) and the trun-
cation of the IR-finite β¯s to finite O(αn) with the
attendant calculation of them from Feynman di-
agrams recursively. We illustrate here the respec-
tive factorization for overlapping IR divergences
for the 2γ case – R12 ∈ R1 and R12 ∈ R2 as they
are shown in the following picture:
R 12
R 1
2
E
E γ1
R
γ2
D0(pf1 , pf2 , pf3 , pf4) = β¯0(pf1 , pf2 , pf3 , pf4);
pf1 + pf2 = pf3 + pf4
D1(pf ; k1) = β¯0(pf )S˜(k1) + β¯1(pf ; k1);
pf1 + pf2 6= pf3 + pf4
D2(k1, k2) = β¯0S˜(k1)S˜(k2) + β¯1(k1)S˜(k2) +
β¯1(k2)S˜(k1) + β¯2(k1, k2).
Note: β¯0 and β¯1 are used beyond their usual
(Born and 1γ) phase space. A kind of smooth
“extrapolation” or “projection” is always neces-
sary. We see that a recursive order-by-order cal-
culation of the IR-finite β¯s to a given fixed O(αn)
is possible: specifically,
β¯0(pf1 , pf2 , pf3 , pf4) = D0(pf1 , pf2 , pf3 , pf4),
β¯1(pf ; k1) = D1(pf ; k1)− β¯0(pf )S˜(k1),
β¯2(k1, k2) = D2(k1, k2) − β¯0S˜(k1)S˜(k2) −
β¯1(k1)S˜(k2)+ β¯1(k2)S˜(k1), . . ., allow such a trun-
cation.
In the classic EEX/YFS schematically the β’s
are truncated to O(α1), in the ISR example. For
e−(p1, λ1) + e
+(p2, λ2)→ f(q1, λ
′
1) + f¯(q2, λ
′
2) + γ(k1, σ1) +
... + γ(kn, σn) , we have
σ =
∞∑
n=0
∫
mγ
dΦn+2 e
Y (mγ )Dn(q1, q2, k1, ..., kn) (1)
with
D0 = β¯0, D1(k1) = β¯0S˜(k1) + β¯1(k1),
D2(k1, k2) = β¯0S˜(k1)S˜(k2) + β¯1(k1)S˜(k2)
+β¯1(k2)S˜(k1) ,
Dn(k1, k2...kn) = β¯0S˜(k1)S˜(k2)...S˜(kn)
+β¯1(k1)S˜(k2)S˜(k3)...S˜(kn)
+S˜(k1)β¯1(k2)S˜(k3)...S˜(kn) + ...
+S˜(k1)S˜(k2)S˜(k3)...β¯1(kn).
The real soft factors are S˜(k) =
∑
σ
|sσ(k)|
2 =
3|s+(k)|
2 + |s−(k)|
2 = − α4pi2
(
q1
kq1
− q2
kq2
)2
and the IR-finite building blocks are
β¯0 = (e
−2αℜB4
∑
λ |M
Born+Virt.
λ |
2)
∣∣
O(α1)
, with λ
= fermion hel., σ = photon hel., and
β¯1(k) =
∑
λσ
|M1−PHOTλσ |
2−
∑
σ
|sσ(k)|
2
∑
λ
|MBornλ |
2.
Everything is in terms of
∑
spin
|...|2 ! Distribu-
tions < 0 are possible for hard 2γ.
The new CEEX replaces old the EEX, where
both are derived from the YFS theory [4]:
EEX, Exclusive EXponentiation, is very close to
the original Yennie-Frautschi-Suura formulation;
CEEX, Coherent EXclusive exponentiation, is an
extension of the YFS theory. Its coherence makes
CEEX friendly to quantum coherence among the
Feynman diagrams, so that we have the com-
plete |
n∑
diagr.
Mi
∣∣2 rather than the often incom-
plete
n2∑
i,j
MiMj
∗. This means be get readily the
proper treatment of narrow resonances, γ⊕Z ex-
changes, t ⊕ s channels, ISR⊕FSR, angular or-
dering, etc. Examples of the EEX formulation
are KORALZ/YFS2, BHLUMI, BHWIDE, YF-
SWW, KoralW and KORALZ; the example of the
CEEX formulation is KKMC.
We illustrate CEEX schematically with the ex-
ample of ISR O(α1) for the process e−(p1, λ1) +
e+(p2, λ2) → f(q1, λ
′
1) + f¯(q2, λ
′
2) + γ(k1, σ1) +
...+ γ(kn, σn). We have
σ =
∞∑
n=0
∫
mγ
dΦn+2
∑
λ,σ1,...,σn
|eαB(mγ )
M
λ
n,σ1,...,σn
(k1, ..., kn)|
2,
M
λ
0 = βˆ
λ
0 , λ=fermion helicities,
M
λ
1,σ1(k1) = βˆ
λ
0 sσ1(k1) + βˆ
λ
1,σ1(k1),
M
λ
2,σ1,σ2(k1, k2) = βˆ
λ
0 sσ1(k1)sσ2(k2) +
βˆλ1,σ1(k1)sσ2 (k2) + βˆ
λ
1,σ2(k2)sσ1(k1),
M
λ
n,σ1,...σn
(k1, ...kn) = βˆ
λ
0 sσ1(k1)sσ2(k2)
...sσn(kn) + βˆ
λ
1,σ1(k1)sσ2(k2)...sσn(kn)
+ sσ1(k1)βˆ
λ
1,σ2(k2)...sσn(kn) + ...+
sσ1(k1)sσ2(k2)...βˆ
λ
1,σ2(k2).
The O(α1) IR-finite building blocks are:
βˆλ0 =
(
e−αB4MBorn+Virt.λ
)∣∣
O(α1)
,
βˆλ1,σ(k) = M
λ
1,σ(k)− βˆ
λ
0 sσ(k)
Everything is done in terms of M-amplitudes!
Distributions are ≥ 0 by construction!
In KKMC the above is done up to O(α2) for ISR
and FSR.
The full scale CEEX O(αr), r=1,2, master for-
mula for the polarized total cross section reads as
follows:
σ(r)=
∑∞
n=0
1
n!
∫
dτn(pa+pb; pc, pd, k1, . . . , kn)
e2αℜB4
∑
σi,λ,λ¯
∑3
i,j,l,m=0 εˆ
i
aεˆ
j
bσ
i
λaλ¯a
σ
j
λbλ¯b
M
(r)
n
(
p
λ
k1
σ1
k2
σ2 . . .
kn
σn
) [
M
(r)
n
(
p
λ
k1
σ1
k2
σ2 . . .
kn
σn
) ]⋆
σlλ¯cλcσ
m
λ¯dλd
hˆlchˆ
m
c .
(2)
The respective CEEX amplitudes are
M
(1)
n
(
p
λ
k1
σ1 . . .
kn
σn
)
=
∑
℘∈P
n∏
i=1
s
{℘i}
[i]

β(1)0
(
p
λ;X℘
)
+
n∑
j=1
β
(1)
1{℘j}
(
p
λ
kj
σj
;X℘
)
s
{℘j}
[j]

 (3)
M
(2)
n
(
p
λ
k1
σ1 . . .
kn
σn
)
=
∑
℘∈P
n∏
i=1
s
{℘i}
[i]
×

β(2)0
(
p
λ;X℘
)
+
n∑
j=1
β
(1)
2{℘j}
(
p
λ
kj
σj
;X℘
)
s
{℘j}
[j]
+
∑
1≤j<l≤n
β
(2)
2{℘j,℘l}
(
p
λ
kj
σj
kl
σl
;X℘
)
s
{℘j}
[j]
s
{℘l}
[l]

.
(4)
For the details see ref. [1].
The precision tags of the KKMC are de-
termined by comparisons with our own semi-
analytical and independent MC results and by
comparison with the semi-analytical results of the
program ZFITTER [6]. In Fig. 1 we illustrate
such comparisons, which lead to the KKMC pre-
cision tag dσ/σ = 0.2% for example. The ISR of
ZFITTER is based on the O(α2) result of ref. [7],
while KKMC is totally independent! See ref. [1]
for a more complete discussion.
3. Extension of CEEX in KKMC to the
e+e− → νν¯γ process
The respective tree level process is given by
the Feynman diagrams in Fig. 2. As described
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Figure 1. Cross checks of KKMC.
Figure 2. The process e+e− → νν¯γ.
in ref. [2], the KK MC with CEEX matrix ele-
ment is now extended to the neutrino mode. It
is a replacement for the older KORALZ program.
This new mode of the KKMC is useful for LEP
final data analysis and for the first steps toward
the LC. We note the following properties and im-
provements due to this new KKMC CEEX treat-
ment of the e+e− → νν¯γ process: (1), the system-
atic error is now estimated to be 1.3% for νeν¯eγ
and 0.8% for νµν¯µγ and ντ ν¯τγ; (2), for observ-
ables with two observed photons we estimate the
uncertainty to be about 5%; (3), these new im-
proved results were obtained thanks to the inclu-
sion of the non-photonic electroweak corrections
of the ZFITTER package and due to newly con-
structed, exact, single and double photon emis-
sion amplitudes in the KK MC for the contribu-
tion with the t-channel W exchange; and, (4),
the virtual corrections for the W exchange are at
present introduced in an approximated form but
the CEEX exponentiation scheme is the same as
in the original KK MC program.
4. Exact Differential O(α2) Results for
Hard Bremsstrahlung in e+e− → 2f
The respective O(α2) process is illustrated in
Fig. 3. In ref. [3], we have presented fully differen-
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Figure 3. Representative graphs for the 1γreal +
1γvirtual correction in 2f processes.
tial results for 2f+1γvirt+1γreal checked against
those of Igarishi and Nakazawa in ref. [8] and
partly integrated results checked against those of
Berends, Burgers and Van Neerven in ref. [7]. Our
results are an important component for any exact
O(α2) exponentiated calculation for e+e− → 2f .
Similar works were also recently completed by the
Karlsruhe group [9] – a comparison with their re-
sults is in progress.
We illustrate our results in Fig. 4. For v < 0.9
agreement within 0.5 · 10−4 is reached.
5. Conclusions
YFS inspired EEX and CEEX MC schemes
are successful examples of Monte Carlos based
directly on the factorization theorem (albeit for
the IR soft case for Abelian QED only). These
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Figure 4. Exact results for the 1γreal + 1γvirtual
correction in 2f processes.
schemes work well in practice: KORALZ, BH-
LUMI, YWSWW3, BHWIDE and KKMC are ex-
amples. The extension of such schemes (as far
as possible) to all collinear singularities would be
very desirable and practically important! Work
on this is in progress.
Here, we have illustrated that the KKMC pro-
gram is extended to the neutrino channel. More-
over, we have shown that the missing fully differ-
ential 2f +1γvirt+1γreal distributions for O(α
2)
CEEX are now available. Applications to fi-
nal LEP data analysis and to LC studies are in
progress.
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